This paper focuses on physically large spatially-continuous apertures, called holographic MIMO. Given the area limitation of the aperture, the limit on the available spatial degrees of freedom (DoF) is derived under isotropic propagation of electromagnetic waves. A linear-system theoretic interpretation of wave propagations reveals that the channel has a bandlimited spectrum. This is used in [1, 2] to approximate it with a Fourier plane-wave series representation that provides a simple and intuitive way to compute the DoF.
INTRODUCTION
A holographic MIMO (multiple-input multiple-output) system consists of a physically large antenna surface with (approximately) continuous aperture [3] . This concept is also known as extremely large aperture Massive MIMO [4] , large intelligent surfaces [5, 6] , and holographic beamforming [7] .
In multiple-antenna channels, the channel capacity grows linearly with the number η of spatial degrees of freedom (DoF) [8, 9, 10] , which is therefore a key performance measure. Holographic MIMO represents the ultimate form of a spatially-constrained multiple-antenna channel where the number of antennas N goes to infinity. A fundamental question thus arises: given an area limitation on the aperture, what are the available DoF η of a holographic MIMO system? The statical models typically used in the MIMO literature are insufficient to answer this question [2] . Consider for example the uncorrelated Rayleigh fading model where the channel is statistically uncorrelated across all antenna pairs. In this case, η increases unboundedly as N → ∞ [9] . However, as N grows large in a given area, spatial correlation among antenna pairs naturally arises and therefore η cannot increase indefinitely. This is analogous to a bandlimited waveform (time-domain) channel, given the bandwidth constraint B and transmission interval T , increasing the number of time samples will not increase the capacity indefinitely. The available DoF are fundamentally limited to 2BT [11] .
To demonstrate an analogous result for multiple-antenna channels, statistical models driven by electromagnetic theory considerations are required [12] . To this end, a continuous formulation is somewhat preferable [13] . Results in this direction can be found in [5, 14, 15] . In [14] , the authors study the reception of a monochromatic complex-valued electromagnetic field over a spherically-symmetric aperture (e.g., disk, ball) under a random non-line-of-sight (NLoS) propagation. The DoF are computed by means of a signal space approach, which follows directly from the reasoning involved to derive the Shannon 2BT formula. Particularly, a continuous series expansion of the electromagnetic random channel is obtained over an orthonormal basis with statistically uncorrelated coefficients, as for the famous Karhunen-Loève expansion [16] . The DoF are thus simply obtained by counting the average number of non-zero coefficients, and are found to grow with the surface area of the aperture rather than with its volume, measured in units of wavelength-squared. The extension to a more general non-monochromatic electromagnetic field is provided in [15] and it is based on the celebrated Landau's eigenvalue theorem [17] . However, an explicit form for the basis is hardly available in general and often leads to non-trivial representations [14, 18, 15] , which rely on special functions or unfamiliar subsidiary mathematical results.
A similar result was recently obtained in [5] by considering a monochromatic electromagnetic field over a rectangular aperture under a deterministic LoS propagation. Unlike [14, 15] , this leads to a simple deterministic channel model, which is first used in [5] to evaluate the capacity normalized by the deployed area of the aperture, and then to compute the DoF. A more realistic random NLoS propagation environment is considered in [1, 2] and leads to a Fourier planewave spectral representation of the random electromagnetic channel in Cartesian coordinates. Suitably discretized, this provides a Fourier plane-wave series representation of the channel of the form of an orthonormal series expansion with statistically-uncorrelated Gaussian-distributed coefficients. This can be regarded as the asymptotic version of the multivariate Karhunen-Loève series expansion [16] . In this paper, we use the Fourier plane-wave series representation in [1, 2] to compute the average DoF of a holographic MIMO system, i.e, a large, but finite, spatially-continuous aperture.
PRELIMINARIES
We begin by reviewing the basics of the analytical framework developed in [1, 2] . Consider electromagnetic waves propagation in every direction 1 through a homogeneous, isotropic, and infinite random scattered medium [1] . Under these settings, each of the three Cartesian components of the electrical field can be described independently by the scalar wave equation [19] and electromagnetic waves qualitatively behave as acoustic waves [1] . Hence, the channel over an infinitely large spatially-continuous aperture can be h(x, y, z) =
modeled as a Gaussian space-frequency scalar random field:
, which is a function of frequency ω and spatial coordinates (x, y, z). We treat only monochromatic waves, i.e., propagating at the same frequency ω, which can thus be omitted. We assume that h(x, y, z) can be modeled as a zero-mean, spatiallystationary and Gaussian random field. This is a scenario of primary interest in wireless communications.
Fourier Spectral Representation
Every zero-mean, second-order, stationary Gaussian random waveform channel can be represented either in time domain or in frequency domain. The mapping between these two representations is the one-dimensional (1D) Fourier spectral representation. Similarly, h(x, y, z) can be represented either in spatial domain or wavenumber (also known as spatialfrequency) domain, which represent the time and frequency counterparts, respectively. The spatial-wavenumber mapping is given by the 3D Fourier spectral representation in (1) where (k x , k y , k z ) ∈ R 3 are the real-valued Cartesian coordinates in the wavenumber domain, W (k x , k y , k z ) is a zero-mean stationary white-noise Gaussian random field with unit spectrum, and S h (k x , k y , k z ) is the power spectral density. The latter has a key role between the two domains, as shown next. Notice that (1) can be regarded as a superposition of an uncountably-infinite number of plane-waves each one having statistically-independent Gaussian-distributed random amplitude [1, 2] . The condition (k x , k y , k z ) ∈ R 3 excludes the so-called evanescent waves, which decay exponentially fast in space and do not contribute to the far-field propagation.
Fourier Plane-Wave Spectral Representation
Since h(x, y, z) is a Gaussian spatial random field of electromagnetic nature, each of its realizations needs to satisfy, with probability 1, the so-called homogeneous Helmholtz equation ∇ 2 + κ 2 h(x, y, z) = 0 where κ = 2π/λ is the wavenumber with λ being the wavelength. As a direct consequence of the Helmholtz equation, we have that [1, 2] 
which is an impulsive function with wavenumber support on the surface of a sphere of radius κ. Its impulsive nature makes it hard the direct computation of (1) since the square-root of an impulsive function is not defined. This is addressed in [1, 2] and yields a 2D Fourier plane-wave spectral representation of h(x, y, z) = h + (x, y, z) + h − (x, y, z) where h ± are defined in (4) and W ± are two 2D independent, zeromean, complex-valued, white-noise Gaussian random fields. The "plane-wave" terminology refers to the fact that h + and h − represent a decomposition of the channel in terms of an uncountably infinite number of plane-waves that are spatially propagating in the half-spaces z > 0 and z < 0, respectively. Notice that h(x, y, z) has bandlimited spectrum in the wavenumber domain since the coordinates (k x , k y ) in h ± have a compact support k 2 x + k 2 y ≤ κ 2 given by a disk of radius κ centered on the origin, as illustrated in Fig. 1 . In other words, only a subset of plane-waves in (1) effectively propagate. These are called propagating waves. This is a direct consequence of the Helmholtz equation, which thus acts as a 2D linear space-time invariant physical filter. Notice that the plane-waves associated with the propagation directions outside the disk would be associated with evanescent waves.
In [1, 2] , the above results are used to derive a Fourier series representation that well approximates h(x, y, z) over large, but finite, spatially-constrained continuous apertures. This is reviewed next.
Fourier Plane-Wave Series Representation
Consider a compact spatially-continuous rectangular aperture
The channel energy collected over the finite spatial volume V is contained in a countably infinite number of plane-waves; see Fig. 1 . Therefore, (4) can be replaced by a 2D Fourier plane-wave series representation with periods L x and L y along the x− and y−axes [2] . Since the channel spectra is bandlimited, only a countably finite number of plane-waves propagate through space (i.e., propagating waves). Within the fundamental period, the following approximation is found for (x, y, z) ∈ V:
h(x, y, z) ≈ 
where κ z,ℓm = κ 2 − (2πℓλ/L x ) 2 − (2πmλ/L y ) 2 and H ± ℓm ∼ N C (0, σ 2 ℓm ) are statistically-independent Gaussiandistributed random variables with variances σ 2 ℓm computed in [2] . Notice that the approximation error of (5) becomes negligible as min(L x /λ, L y /λ) → ∞. At carrier frequency f = 3 GHz (i.e., λ = 10 cm), an aperture length of L x = 10 m already provides L x /λ = 100, which increases to L x /λ = 10 3 at f = 30 GHz (i.e., λ = 1 cm). This means that (5) is a good approximation in practice.
CHANNEL DEGREES OF FREEDOM
We now use (5) to compute the DoF of linear, planar and volumetric continuous apertures. Before this, we review the reasoning involved to derive the 2BT formula [11] .
Consider a bandlimited waveform channel h(t) of bandwidth B and time interval [0, T ]. The Shannon-Nyquist sampling theorem states that we can approximate h(t) as a linear combination of a countably finite number of elements of the cardinal basis of functions with coefficients collected inside the time interval and equally spaced by 1/2B:
where the approximation error becomes negligible as BT → ∞. The limit can be seen as T going to infinity while B going to zero, but T has a higher convergence speed such that BT → ∞. This is because physics-based signals are of limited energy and thus subject to the phenomena of spectral concentration [12] under which as T increases the effective bandwidth B gets smaller and smaller. As a consequence, the available DoF are limited to a finite non-zero value
which is the product between time interval duration T and the frequency bandwidth B = Ω/2π. Notably, (5) and (7) are two bandlimited orthonormal series expansion having a countably-finite number of coefficients, whose cardinality determines the space dimension, i.e., the available DoF.
Linear Aperture
Assume V is a line segment of length L x along the x−axis. The Fourier series expansion (5) may be rewritten as
where ϕ ℓ (x) = 1 2π e j2πℓλx/Lx is the 1D Fourier basis and c ℓ = 2πH ℓ0 (0) are the statistically-independent Gaussian Fourier coefficients. The average available DoF are
given by the product between the aperture length L x and the wavenumber κ. From Fig. 1 , it follows that k x ∈ [−κ, κ] in the 1D case; that is, κ represents the wavenumber bandwidth. Therefore, (10) is the spatial-wavenumber counterpart of (8) where the time interval T and angular frequency bandwidth Ω are replaced with L x and κ, respectively.
Planar Aperture
Assume V is a rectangle of side lengths L x and L y on the xy−plane. The Fourier series representation in (5) reads
where ϕ ℓm (x, y) = ϕ ℓ (x)ϕ m (y) is the 2D Fourier basis, and c ℓ,m (0) = (2π) 2 H ℓm (0) is the (ℓ, m)th Fourier coefficient defined over the discrete spectral support E. The available DoF are simply the measure of the lattice wavenumber support, which is given by [20] . Therefore, we have that
which is proportional to the surface area of the aperture V measured in units of wavelength-squared. From (10), one may expect that the expansion of a 1D aperture into a 2D aperture may yield 4L x L y /λ 2 DoF. However, this is not the case. The DoF are reduced by a factor π/4 < 1, which is exactly the ratio between the areas of the disk and the square circumscribing it. This is due to the fact that evanescent waves are not included in our analysis; see Fig. 1 .
Volumetric Aperture
When V is a parallelepiped of side lengths L x , L y , and L z , the Fourier series expansion at any z is given by (11) by replacing the (ℓ, m)th Fourier coefficient with c ℓ,m (z) = (2π) 2 H ℓm (z) [2] . In this case, it is more convenient to proceed as follows [16] . 
where c ℓm = A ℓm h ℓm is obtained from h ℓm = [H + ℓm , H − ℓm ] T ∈ C 2×1 by a linear application matrix A ℓm : C 2 → C N A ℓm = e jκ z,ℓm z , e −jκ z,ℓm z .
The available DoF are given by the product between the space dimension spanned by the 2D Fourier basis -as given in (12) -and the vector space dimension spanned by c ℓm . This is given by rank(A ℓm ) = 2, since the two columns of A ℓm are linearly independent regardless of z. Thus, the DoF are
As for the 2D case, the DoF are proportional to L x L y /λ 2 , and not to the volume of V. Hence, the expansion of a planar aperture into a volume aperture asymptotically yields only a twofold increase in the available DoF. This is because the upper and lower hemispheres of the spherical wavenumber support can be independently parametrized on the disk [2, Fig. 2(a) ], which brings us back to the 2D case. Compared to the DoF obtained for a volumetric deployment in [5, Sec. III.C], the only difference is a factor 2. This is because in LoS propagation the plane-waves impinge on the aperture from only one of the two half-spaces where the aperture is located.
NUMERICAL RESULTS
Numerical results are now used to validate the accuracy of the analytical framework for apertures of relatively small size. We approximate the continuous aperture by discretizing its spatial domain on a grid V N = {(x, y, z) i ∈ V : i = 1, . . . , N } of N points with spacing ∆. The channel samples generated by sampling (9), (11) , and (13) for any (x, y, z) i ∈ V N are collected into h N ∈ C N . The uncorrelated Rayleigh fading model [9, 10] and the Clarke's model [21, 22] are also considered. In both cases, h N ∈ C N is generated through the discrete Karhunen-Loève representation; that is, h N = C The DoF are numerically evaluated by generating an ensemble of random vectors h N and averaging the number of linear independent vectors enclosed within this ensemble. We begin by considering a linear aperture with L x = 16λ. (10) for the channel samples obtained through the Fourier plane-wave series representation. The Clarke's model shows a similar behavior with a smoother transition region for the channel eigenvalues due to the different numerical generation method for the channel samples. The practical relevance of the results in Fig. 2 is that they tell us the right number of antennas to be deployed on an aperture of size L x . Similar results are found when considering higher dimensional apertures and their limits (12) and (15) . This is illustrated in Figs. 3 and 4 for the 2D and 3D cases, respectively.
CONCLUSIONS
A random electromagnetic isotropic channel generates, over a spatially-contained continuous aperture, a number of DoF that is proportional to the surface area, measured in units of wavelength-squared. We obtained this result by using a Fourier plane-wave series expansion of the channel, which yields the optimal number of antennas to be deployed under isotropic propagation. This treatment can be extended to include transmit side as well as non-isotropic propagation [2] .
